We study a natural action of the Heisenberg group of integer unipotent matrices of the third order on distribution space of a two-dimensional local field for a flag on a two-dimensional scheme.
Introduction
Let X be an algebraic curve over a field k . Then one can attach a discrete valuation ring O x and a local field K x = Frac(O x ) to a closed point x ∈ X . Thus the valuation group Γ x = K * x /O * x = Z will be the simplest discrete Abelian group canonically attached to this point of the curve. Starting from this local group one can define the global group Div(X) = ⊕ x∈X Γ x .
In arithmetics, when k = F q , the representation theory of these groups plays an important role in the study of arithmetical invariants of the curve X such as number of classes or zeta-function. These groups act on the functional spaces of the field K x and of the adelic group A X . All irreducible representations are of dimension 1 (i.e. characters with values in C * ), and the functional spaces which are infinite-dimensional can be presented as certain integrals (but not direct sums) of these characters. This construction is very useful if one wants to get an analytical continuation and functional equation of L -functions of the curve X (see [14, 15, 13] ).
The goal of this work is to extend this circle of questions to algebraic surfaces. We will restrict ourselves by the local groups only. As it was shown in [12] and in the previous publications, the local fields will now be the two-dimensional local fields, and the corresponding discrete group is the simplest non-Abelian nilpotent group of class 2 : the Heisenberg group Heis(3, Z) of unipotent matrices of order 3 with integer entries. This group has a very non-trivial representation theory (see [11, 12] ).
The classical representation theory of unitary representations of localy compact groups in a Hilbert space does not work smoothly at this case. The Heisenberg group is not a group of type I in the von Neumann classification. Thus, the Heisenberg group has a bad topology in its unitary dual space, has, generally speaking, no characters for irreducible representations, and the decompositions of representations into integrals of the irreducible ones can be non-unique, see [4] . Note that Abelian groups, compact topological groups and semi-simple Lie groups are the groups of type I. In our case, if we change the category of representation spaces and consider instead of the Hilbert spaces the vector spaces of countable dimension and without any topology, then the situation will be much better. This approach is modeled onto the theory of smooth representations of reductive algebraic groups over nonArchimedean local fields. They are so called l -groups, and the discrete groups are such groups. Then the basic notions of the smooth representation theory (see, for example, [3] ) can be applied in this case. The new approach get for smooth nonunitary representations a moduli space which is a complex manifold. The characters can be defined as modular forms on this manifold, see [11] . But the non-uniqueness will be still preserved. The category of this kind of representations is not semi-simple: there are non-trivial Ext 's.
In [9, 10] the authors have developed harmonic analysis on the two-dimensional local fields and have defined the different types of functional spaces on these fields.
In [12, §5.4 (v) ] the second named author asked a question on the structure of the natural representation of the discrete Heisenberg group G = Heis(3, Z) on the infinite-dimensional C -vector space V = D ′ O (K) O ′ * . Here K is a two-dimensional local field, O is the discrete valuation ring of the field K , O ′ is the ring of valuation of rank 2 of the field K , D ′ O (K) is the space of distributions on K introduced in [9] and [10] .
In this paper we will give a partial answer to the above question. In particular, we will describe explicitly some irreducible subrepresentations of the representation of G on V and will relate these representations with classification of certain irreducible representation of G given in [11] and [1] . We note that the groupG = G ⋊ Z also acts naturally on the space V . We will calculate the traces of the groupG on some irreducible subrepresentations of the representation of G on V . These traces are theta-series, as it was predicted in [11, Example] by another reasons.
Certainly, the results of this paper are only the first steps in the representation theory of discrete nilpotent groups. Recently, it was shown that a reasonable class of irreducible representations of any finitely generated nilpotent group coincides with the class of monomial representations, see [2] . This was known earlier for finite groups, Abelian groups and nilpotent groups of class 2 . The general result was conjectured by the second named author in [12] .
Case of one-dimensional local fields
Let L be a one-dimensional local field, i.e. a complete discrete valuation field with a finite residue field
Let D(L) be the space of C -valued locally constant functions with compact support on L , E(L) the space of C -valued locally constant functions on L , and D ′ (L) be the space of distributions on L , i.e. the dual vector space to the discrete space D(L) .
The additive group of the field L acts on the above spaces by translations. Let
L be the space of invariant elements under this action. In other words, it is the space of C -valued Haar measures on L . We have dim C (µ(L)) = 1 .
The group L * acts on the additive group of the field L by multiplications. Hence we have an action of the group L * on the the spaces
We have also the following subrepresentations of the representation of the group Z on the space
where the last embedding comes from the map:
An explicit description of the space D(L) O * L as the space of some sequences is the following:
Proof. We prove that for any nonzero v ∈ D(L) O * the space C[Z] · v contains a proper nonzero Z -invariant subspace. We consider an isomorphism:
Under this isomorphism the action of an element 1 ∈ Z goes to the multiplication on z . Therefore for any element w ∈ C[z,
We note that between the spaces D(L) and E(L) there is a spaceẼ(L) that is the space of uniformly locally constant functions on L , i.e. f from E(L) belongs toẼ(L) if and only if there is n f ∈ N such that f (
The one-dimensional subspace of all constant functions on L is the set of all eigenvectors in E(L) O * L with respect to the action of 1 ∈ Z . We note that
where Now we can explicitly describe the space
where S(m) is the space of sequences:
, where a n = f (u m ) and u ∈ m L is a local parameter. The surjective maps S(m + 1) → S(m) in the projective limit of formula (2) are the following:
which can be described explicitly in the following way. We fix an element (c n ) n∈Z ∈ D(L) O * L and elements (a n ) n≤m ∈ S(m) , m ∈ Z compatible with projective system (2) . We choose any integers N < M such that c n = 0 for any n < N and c M +k = c M for any k > 0 . We define l = M − N . Now pairing (3) applied to elements (c n ) n∈Z and (a n ) n≤M ∈ S(M ) is equal to
This result does not depend on the choice of appropriate M and N . We note that the action of 1 ∈ Z on D ′ (L) maps an element (a n ) n≤m ∈ S(m) , m ∈ Z to an element (b n ) n≤m+1 ∈ S(m + 1) , m ∈ Z where b n = a n−1 for n ≤ m + 1 .
Using explicit description of the space
, we obtain a proposition by direct calculations. Proposition 2. We fix any α ∈ C * . We define a C -vector space
Remark 1. For any α ∈ C * we can construct an element g α from Φ α explicitly:
We note that the element g α is uniquely defined inside the 1 -dimensional space Φ α by a property that the pairing of g α with the characteristic function of the subgroup O L is equal to 1 .
is the space of C -valued Haar measures on L . Besides, g q is the Haar measure which is equal to 1 after its application to the open compact subgroup O L .
Remark 2. The issues of this section were for the first time formulated and developed by A. Weil in [14] (see also a discussion in [13, Weil problem] ).
3 Case of two-dimensional local fields 3.1 Two-dimensional local fields and the discrete Heisenberg group Let K be a two-dimensional local field. Assume that K is isomorphic to one of the following fields (we will not consider another types of two-dimensional local fields): [7, § 2] for the brief description how above types of two-dimensional local fields are constructed from an algebraic surface over a finite field or from an arithmetic surface. Let u be a local parameter of L (in the second case of (4)), t be a local parameter of M (in the third case of (4)).
The field K is a discrete valuation field such that t is a local parameter of this valuation. Let O be the discrete valuation ring of K . We define the O -module
is the residue field of K . The image of the element u in the residue field is the local parameter there.
The pair t, u is called a system of local parameters of the field K . We define a subring O ′ ⊂ O . We say that an element g from O belongs to O ′ if and only if the image of g in the residue field of K belongs to the discrete valuation ring of the residue field of K .
The field K has a valuation ν of rank 2 such that ν(f ) = (a, b) ∈ Z 2 for f ∈ K * if and only if f = t a u b g where g ∈ O ′ * . It is clear that the ring O ′ is the valuation ring of ν .
In accordance with (4) we define a subring B of K as one of the following expressions:
where O L is the discrete valuation ring of L . (We note that the subring B depends on the choice of isomorphisms (4).)
is a locally compact group with the base of neighbourhoods of 0 given by subgroups (
is canonically isomorphic to C . There is also a canonical isomorphism for any elements r, s, w from Z :
satisfying associativity for any four elements from Z . Any element g ∈ K * maps the C -vector space µ(O(r) | O(s)) to the C -vector space µ(gO(r) | gO(s)) .
Lemma 1. The group O ′ * acts by the trivial character on the
Proof. The proof follows by induction on r − s with the help of formula (5) . The case r − s = 1 is trivial as the case of one-dimensional local fields. The lemma is proved.
We describe now a central extension of K * by C * :
where the group K * consists from the pairs (g, µ) : g ∈ K * , µ ∈ µ(O | gO)) and µ = 0 . The group law in K * is the following: (6) we obtain a central extension of K * by Z :
Besides, we have an embedding of central extension (7) to central extension (6): an embedding on kernels Z ∋ b −→ q b ∈ C * gives an embedding of groups K * ֒→ K * . We note that central extensions (7) and (6) split canonically over the subgroup O * of the group K * : g → (g, 1) , where 1 ∈ C = µ(O | gO) since gO = O . Therefore these central extensions split canonically over the subgroup O ′ * , i. e. we can consider the group O ′ * as a subgroup of the group K * . It is easy to see from Lemma 1 that the subgroup O ′ * is contained in the center of the group K * , and therefore this subgroup is also contained in the center of the group K * .
For any integers r and s we define an element . We note that µ B,r,r = 1 ∈ C , and for any integers r , s and w the element µ B,r,s ⊗ µ B,s,w goes to the element µ B,r,w via isomorphism (5).
We consider the discrete Heisenberg group G = Heis(3, Z) which is the group of matrices of the form:
where a, b, c are from Z . We can consider also the group G as a set of all integer triples endowed with the group law:
We note that G may be presented as
with η and γ corresponding to the generators (1, 0, 0) and (0, 1, 0) (see, for example, [5, § 2] ). It is clear that the group G is nilpotent of class 2 .
Proposition 3. The group K * /O ′ * is isomorphic to the group G = Heis(3, Z) .
Proof. We will construct this isomorphism explicitly. We consider a map
Using the equality B = tB we obtain an action of the element t as t(µ B,r,s ) = µ B,r+1,s+1 . Besides an action of the element u is u(µ B,r,s ) = q r−s µ B,r,s (we recall that the pair t, u is the system of local parameters of K ). Now from an explicit description of the group K * given above, by a direct calculation we obtain that the composition of map (8) with the quotient map K * → K * /O ′ * is an isomorphism between groups G and K * /O ′ * . The proposition is proved.
Representations of the discrete Heisenberg group
Let K be a two-dimensional local field that is isomorphic to one of the fields in formula (4). We keep the notation from Section 3.1.
The field K is a discrete valuation field. Its residue fieldK = O/O(1) is isomorphic to the following field (according to formula (4)): The following spaces which are two-dimensional analogs of the classical function and distribution spaces were constructed in [9, § 5.3] and [10, § 7] using an idea from [6] :
where transition maps in above limits are given by direct and inverse images of function and distribution spaces on locally compact groups.
There is a natural non-degenerate pairing:
. We have to apply limits to the following action of an element (g, µ) from K * :
We recall that the group O ′ * can be considered as a subgroup of the group K * . We are interested in the spaces of invariant elements with respect to the action of the group O ′ * :
Proof. We have Lemma 1. Besides, the transition maps in projective limits in formula (9) We will describe the following G -invariant infinite-dimensional subspace of the space
For any integer l we define an element
where an element
) is an application of the action of t l to ϕ , an element µ B,0,l+1 ∈ µ(O | O(l + 1)) was defined in Section 3.1. We have that
O * K and, by lemma 1, gµ B,0,l+1 = µ B,0,l+1 for any g ∈ O ′ * , and the transition maps in inductive limits in formula (10) are O ′ * -equivariant maps. 
where
K is an application of the action of the element u a ∈K * to the element ϕ .
Proof. By direct calculations we have
The proposition is proved.
We recall the notion of the induced representation for discrete groups.
Definition 2. Let G 1 ⊂ G 2 be groups, and τ :
consists of all functions f : G 2 → V subject to the following conditions:
An action of the group G 2 is the following: for any f ∈ ind
We consider subgroups H = Z , C = Z and P = Z of the group G given as
We consider a representation
The group H ⊕ C is a subgroup of the group G via the map a ⊕ c → (a, 0, c) . We note that the set of left cosets G/(H ⊕ C) can be naturally identified with the set of elements of the subgroup P . By Definition 2, the space ind 
We consider a map β from the space ind 
Theorem 1. The map β induces an exact sequence of G -representations
0 −→ Ker β −→ ind G H⊕C (σ) β −→ Ψ −→ 0.
The subspace Ker β has a basis which consists of elements
where δ 0 is the delta-function at 0 , and
Moreover, the space Ker β is an irreducible G -representation which is isomorphic to G -representation ind 
Therefore using the formula from Proposition 5 we obtain that the map β commutes with the action of G . The surjectivity of the map β follows from the definition of this map. We calculate the kernel of β . We have from the construction that elements v m ( m ∈ Z ) belong to the space Ker β . It is also clear that elements v m ( m ∈ Z ) are linearly independent over C . Let an element 
in the space Ψ . Moreover, equality (15) is satisfied in the space
since the transition maps in limits in formula (10) are injective. We fix µ B,mn+1,0 ∈ µ(O(m n + 1) | O) . After that we can consider an analog of equality (15) We consider subrepresentations σ 1 ⊂ σ 2 of the representation σ (see formula (12) and formula (1)):
We have the following embeddings of representations of the group G : Proof. From theorem 1 we have an explicit description of elements v m ( m ∈ Z ) which form a basis in the space Ker β . Since the element δ 0 from the space D ′ (K) does not belong to the subspace E(K)⊗ C µ(K) , we obtain that any non-zero element n i=1 a i v i ( a i ∈ C ) does not belong to ind G H⊕C (σ 2 ) . The proposition is proved.
Let α ∈ C * . We recall that the 1 -dimensional C -vector subspace Φ α of the space D ′ (K) O * K was introduced in Proposition 2. We consider a subrepresentation σ α of the representation σ (see formula (12)):
We define a G -subrepresentation Ψ α = ind
. We consider the element g α ∈ Φ α (see Remark 1) . Now elements ∆(m, g α ) ( m ∈ Z ) form a basis of the subspace Ψ α inside the space ind G H⊕C (σ) . From formula (14) we have the following action of the group G on these elements:
Theorem 2. G -representations Ψ α have the following properties.
1. For any α ∈ C * the space Ψ α is an irreducible G -representation, and the map β restricted to Ψ α is an isomorphism with its image in Ψ . Proof. 1. The space Ψ α is an irreducible G -representation by an argument which is similar to the end of the proof of Theorem 1 (see another argument in [11, Prop. 1] ). We prove that Ker β ∩ Ψ α = 0 . By Theorem 1 the G -representation Ker β is irreducible. Therefore it is enough to prove that an element v m from Ker β does not belong to Ψ α . The latter follows from the fact that δ 0 ∈ Φ 0 and µ B,1,0 ∈ Φ q (see Example 1).
If
α = q , then Ψ α ⊂ ind G H⊕C (σ 2 ) . If α = q , then Ψ α ∩ ind G H⊕C (σ 2 ) = {0} inside ind G H⊕C (σ) . 3. We have β(Ψ 1 ) = β(Ψ q ) as subspaces in the space Ψ . For any pair (α 1 , α 2 ) ∈ C * × C * such that α 1 = α 2 , (α 1 , α 2 ) = (q, 1) and (α 1 , α 2 ) = (1, q) we have β(Ψ α 1 ) ∩ β(Ψ α 2 ) = {0} inside the space Ψ .
We have embeddings of G -representations:
2. We have Ψ q ⊂ ind G H⊕C (σ 2 ) , since the space Φ q is equal to the space µ(K) of C -valued Haar measures onK (see Example 1) . The subspace of all constant functions onK is the set of all eigenvectors in E(K) OK * with respect to the action of local parameter u ∈K * (or 1 ∈ Z ). There-
3. This item follows from explicit description of basis vectors v m ( m ∈ Z ) of the space Ker β (see Theorem 1), from description of basis vectors of the space Ψ α , and from assertion 1.
4. Elements ∆(m, g α ) ( m ∈ Z , α ∈ C * ) from ind G H⊕C (σ) are linearly independent over C . (Indeed, it is enough to see that elements g α with different α ∈ C * are linearly independent in D ′ (K) . This is true, because these elements are eigenvectors with different eigenvalues of linear operator induced by multiplication action of local parameter u ∈K * .) These elements form a basis of the space α∈C * Ψ α . Thus we obtained the first formula in (18). We note that
Hence and from the first formula in (18) we obtain the second formula in (18).
5. For this item we use the previous items of the theorem. Now we prove that G -representations Ψ α 1 and Ψ α 2 are isomorphic if and only if α 1 = q l α 2 for some integer l (see also [11, Prop. 1] and [1, Th. 5]). If α 1 = q l α 2 , then this isomorphism is constructed by a shift of the elements of the basis: (17)). Suppose that above two representations are isomorphic. We note that elements of the one-dimensional vector spaces C · ∆(m, g α i ) are the only eigenvectors of elements of the subgroup H under the action on Ψ α i . (In other words, we have the weight decomposition of Ψ α i in above one-dimensional vector spaces with respect to the subgroup H .) Therefore the isomorphism of G -representations maps the element ∆(0, g α 1 ) to the element d∆(−l, g α 2 ) for certain integer l and d ∈ C * . The action of the element (1, 0, 0) from G on above two elements by formula (17) gives
The theorem is proved.
Fourier transform
Let L be a one-dimensional local field with a finite residue field F q (see Section 2). Let u be a local parameter in L . Then the additive group of the field L is identified with its dual Pontryagin group via the pairing:
where T is the circle group, i.e. the unit circle in C , and the map λ L :
where f ∈ D(L) , y ∈ L , and χ −y is a locally constant function on L defined as χ −y (x) = χ(−y, x) for x ∈ L . As the dual map to the above map we have the Fourier transform on the distribution space
By direct calculations, for any l ∈ L * and f ∈ D(L) we have
where (µ/l(µ)) ∈ C * . Hence for any G ∈ D ′ (L) we obtain
Hence we have well-defined maps
and the following proposition about spaces Φ α (recall also Proposition 2).
Proposition 7.
For any α ∈ C * we have
Remark 3. We recall that in Remark 1 we have constructed elements g α ∈ Φ α for any α ∈ C * . Let µ 0 is a Haar measure on L such that its appication to the open compact subgroup O L is equal to 1 . We have
Let K be a two-dimensional local field that is isomorphic to one of the fields in formula (4) . We keep the notation from Sections 3.1 and 3.2. The additive group of the field K is self-dual via the pairing:
where the map Λ : K −→ Q/Z is defined as following. If K is the first field from formula (4), then for an element k = a i,j u i t j from K (where a i,j ∈ F q ) we define Λ(k) = Tr Fq/Fp (a −1,−1 ) ∈ p −1 Z/Z . If K is the second field from formula (4), then for an element k = a i t i from K (where a i ∈ L ) we define Λ(k) = λ L (a −1 ) ∈ Q/Z . If K is the third field from formula (4), then an element k from K can be presented as infinite in both sides sum a i u i (where a i ∈ M ), and, by definition,
The two-dimensional Fourier transform
was defined in [9, § 5.4] and in [10, § 8] . (This Fourier transform is obtained as an application of double inductive limits from formula (10) to one-dimensional (usual) Fourier transform applied to the spaces D ′ (O(s)/O(r)) for all pairs of integers r < s .) Note that for the two-dimensional Fourier transform from formula (19) it is important the self-duality of the additive group of the field K which is described above. 
In what follows we will consider only the last map which we denote by the same letter F as original map (19). We obtain the following properties from [9, Prop. 24, 25] and [10, Prop. 15, 16] :
where (a, b, c) ∈ G . We note that the map (a, b, c) → (−a, −b, c) is a second order automorphism of the group G . Let ϕ ∈ D ′ (K) OK * . For any integer l we have the certain element ϕ l (see formula (11)). By direct calculations we have
where µ 0 ∈ µ(K) was defined in Remark 3. Hence we obtain that F(Ψ) = Ψ .
Proposition 8.
We have the following properties.
F(β(Ψ
Proof. It follows from formula (20) and Proposition 7. The proposition is proved. 
Traces and "loop rotations"
We recall that in the proof of item 5 of Theorem 2 we have constructed a distinguished basis of the G -representation space Ψ α (where α ∈ C * ) such that the basis consists of common eigenvectors for all elements h of the subgroup H and if h = 0 then distinct elements of the basis correspond to distinct eigenvalues of h . Note that this property defines the elements of this basis up to the multiplication on elements of C * . Elements ∆(l, g α ) (where l ∈ Z ) which we considered above form this basis. Therefore the traces (when they exist) of elements of G with respect to the basis given by elements ∆(l, g α ) (where l ∈ Z ) are invariants of G -representation Ψ α . Let (a, b, c) ∈ G . From formula (17) we obtain the following expressions for traces Tr α in the G -representation Ψ α :
• Tr α ((a, b, c) Clearly, the last expression is a divergent series.
To obtain convergent series as traces we will extend the group G to the group G = G ⋊ Z which will naturally acts on the space Ψ as well. Moreover, the subspace β(Ψ α ) ⊂ Ψ for any α ∈ C * defines a subrepresentation of the groupG . Hence we will obtain an action of the groupG on the isomorphic space Ψ α (recall Theorem 2). To construct the groupG we will consider automorphisms of the central extension K * that are analogs of automorphisms of "loop rotation" from the theory of loop groups. We note that an extended discrete Heisenberg group was also considered in [11] to obtain the traces which are convergent series. But the methods of [11] were other than consideration of analogs of "loop rotations" and action on the space Ψ , which is a subspace of the space of distributions on a two-dimensional local field.
In what follows we will consider only a two-dimensional local field K that is isomorphic either to the first or to the second field from formula (4). Let t, u be a system of local parameters of K as it is described in the beginning of Section 3.1. For any d ∈ Z we consider an automorphism R d of the field K given as: 
It is clear that we have a homomorphism
. Therefore we have a well-defined action of the group Z on one-dimensional C -vector spaces µ(O(r) | O(s)) (for any integers r and s ) and on the C -vector spaces D O (K) and D ′ O (K) via the maps induced by the maps R d (which we denote by the same letters).
Lemma 2. For any integers b and d we have
Proof. We consider the case b ≥ 0 . The case b < 0 follows from analogous computations. We have
The lemma is proved.
From the construction of the central extension K * we have that the group Z acts on K * via the group automorphisms induced by the maps R d (which we denote by the same letters). From Lemma 2 we have that this action is also an action on the central extension K * . Clearly, R d (O ′ * ) = O ′ * for any d ∈ Z . Hence the group Z acts on the group G ≃ K * /O ′ * via the group automorphisms induced by the maps R d (which we denote by the same letters). Using an explicit description of the isomorphism G ≃ K * /O ′ * given in the proof of Proposition 3 we calculate now this action, i.e. the homomorphism Z → Aut(G) . We have (using also Lemma 2):
Remark 5. We can consider also formula (21) as a formula which gives a homomorphism from the subgroup 1 d 0 1 d∈Z of GL(2, Z) to the automorphism group Aut(G) . The first named author proved in [8] that this homomorphism can be extended to an injective homomorphism GL(2, Z) ֒→ Aut(G) . By means of the last homomorphism it was also proved in [8] that the group Aut(G) is isomorphic to (Z ⊕ Z) ⋊ GL(2, Z) . We note that other isomorphism Aut(G) ≃ (Z ⊕ Z) ⋊ GL(2, Z) was constructed earlier by P. Kahn in [5] by another methods. Now, using the homomorphism Z → Aut(G) given by formula (21), by the usual way we construct the groupG that is the semidirect product G ⋊ Z . From this description it is evident that the groupG is nilpotent of class at most
The group K * acts on the group K by multiplication. Evidently, for any d ∈ Z , f ∈ K * , h ∈ K we have R d (f · h) = R d (f ) · R d (h) . Hence and from construction of the actions, for any g ∈ K * and any S ∈ D O (K) , any T ∈ D ′ O (K) we have The proposition is proved.
From this proposition for any α ∈ C * we obtain that where elements g α were constructed in Remark 1. Hence, by direct computation from the last formula we obtain the following theorem. 
